In this paper we construct an upper semicontinuous decomposition of E" (rc^3) into points and tame arcs such that the associated decomposition space is distinct from E".
Proof.
By adjusting /|/_1(i/) and g|g-1(£0 if necessary, we may assume that (l)/and g are locally PL modulo f1(Eg -U) and g~1(Eg -U) respectively, and (2) 
«^5, f(D)r\g(D)CMJ=0
so we may take/'=/and g'=g.
In the other cases we obtain the required maps/' and g by composing/and g, respectively, with a space homeomorphism that pushes the tame one (n = 3) or zero (n = 4) dimensional set f(D)r\g(D)C\U off C.
Wild Cantor sets in En. The Cantor sets we use are similar to the generalizations of Antoine's necklace [1] discussed by W. A. Blankinship [4] 3-torus in Figure 1 , and the embeddings of the projections PtiAx), ■ ■ • , PÁ\Ak) of the solid «-tori Ax, • • ■ , Akin PiiA)<~^B2xS\ are the smaller solid 3-tori linked one to another around the factor S\ as in Figure 1 .
The solid «-torus A¡ is like A in « -3 of its factors; in fact, if B2ij)xS1ij) is the solid 3-torus in Figure 1 , then Aj=B2ij)xS\x ■ ■ -xS}_xx S]ij)xS}+1x-■ -xSn_2. The number k of A/s may be arbitrarily large but always at least 3. The embedding of the solid «-tori {Aj} in the solid n-torus A will be referred to as an Antoine embedding.
We start the construction of a wild Cantor set by taking Mx to be any solid n-torus in En. We would like to make the diameter of the components of M2 in Mx small relative to the diameter of Mx by using an Antoine embedding of solid «-tori in MX = A. However, no matter how large the integer k we can make a component A¡ of M2 small only in two of its coordinates, namely B2if) and S1(j) of the previous paragraph. Thus we may make all the components small at the second stage only if « = 3. The remedy for the difficulty for «>3 is to use «-2 stages to make components small relative to the diameter of Mx. That is, link the solid «-tori of M2 about the first S1 factor of Mx (use Px of the previous paragraph), then in each component of M2 link the solid «-tori about the second S1 factor, etc. Thus the components of Mn_x may be made of arbitrarily small diameter, and by repeating the process we can insure that f] M, is a Cantor set.
To show that the Cantor set M=C\ M( is wild, Blankinship [4] computed explicitly TTxiEn-M) and showed that the group was nontrivial by representing it nontrivially in the symmetric group S6. We are more interested in geometry than its amusing derivatives; consequently, we proceed alternatively by using the following definition and lemma. We will use Lemma 1 and Theorem 1 to establish that our decomposition spaces must fail to be E". We first use Lemma 1 to show that the Cantor set H Mj is wild in En. Cantor sets; that is, the S1 factors of the solid «-torus A that the Atj link around alternate as fc->-co. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use For convenience we locate our disjoint Cantor sets on opposite sides of an («-l)-dimensional hyperplane Q in En. We denote the manifolds used to describe the Cantor set above Q with primed letters and the manifolds used to describe the Cantor set below Q by double primed letters. The upper semicontinuous decomposition G of En into points and tame arcs is now easy to describe.
The The nondegenerate elements of our upper semicontinuous decomposition G of E" are the components of f) M¿. Since the components of M¡ and M'i become small as i gets large and, in the iterative step, we require that each «-tube Tti be thin and run straight through the «-tube T of the preceding stage, each nondegenerate element of G is an arc that is locally polygonal modulo its end points. It is well known and an easy exercise to show that such arcs are tame if «^4. For « = 3, we can insure that the arcs are tame by also requiring that the 3-tubes do not pass through the holes of the solid 3-tori they connect. Thus each arc will be unknotted at its ends.
The following lemma will be used iteratively to help establish that En¡G is not topologically E". Proof.
We suppose that F"/G~£'n and let P be the natural projection map of En onto F"/G~£'" associated with the decomposition G. Let / and g be homeomorphisms from a disk D onto the B2 factors of the solid «-tori M¿ and Mx, respectively. We may assume that f(D) and g(D) miss the «-tube Tx and that /and g are regular with respect to Ml and Mx, respectively.
We now use our supposition and Theorem 1 to adjust/and g to obtain maps/", g" and an integer such that f"(D) and g"(D) do not intersect a common component of M¡ and/" and g" are regular with respect to Ml and Mx, respectively. By 
